We describe two-field optical techniques to control interactions in Feshbach resonances for twobody scattering in ultra-cold gases. These techniques create a molecular dark state in the closed channel of a magnetically tunable Feshbach resonance, greatly suppressing optical scattering compared to single optical field methods. The dark-state method enables control of the effective range, by creating narrow features that modify the energy dependence of the scattering phase shift, as well as control of the elastic and inelastic parts of the zero-energy s-wave scattering amplitude. We determine the scattering length and the effective range from an effective range expansion, by calculating the momentum-dependent scattering phase shift from the two-body scattering state.
I. INTRODUCTION
Ultracold atomic gases with controllable interactions are now widely studied by exploiting collisional (Feshbach) resonances [1] [2] [3] [4] , where the interaction strength is controlled by means of a bias magnetic field. In a recent theoretical paper [5] , we suggested a general "darkstate" optical method for widely controlling the scattering length near a magnetic Feshbach resonance, while suppressing spontaneous scattering by quantum interference. In this paper, we provide a more detailed treatment of the method and show that the molecular dark-state method enables control of both the scattering length and the effective range in the two-body collisions of ultra-cold gases.
Precision optical control of the scattering length and effective range in two-body scattering enables rapid temporal control and high resolution spatial control of the interaction strength near a Feshbach resonance, opening many new fields of study, such as non-equilibrium strongly interacting Fermi gases [6] . For example, the natural time scale in a Fermi gas is the "Fermi-time," the time τ F for an atom at the Fermi surface to move a de Broglie wavelength, i.e, τ F = λ F /v F ≃h/E F . For Fermi energies E F in the k B × 1 µK regime, τ F is several µs. To explore non-equilibrium dynamics on this time scale [6] requires fast control of interactions, which is readily achieved with optical methods. In simulating neutron matter, the unitary Fermi gas provides the simplest model, where the scattering length is large compared to the interparticle spacing. A more realistic model of neutron matter can be realized by adjusting both the scattering amplitude and the effective range in a trapped Fermi gas, to achieve the known ratios for neutrons, where the effective range is comparable to the interparticle spacing [7] . Of great interest, as discussed below, is that using optical control, the effective range can even be made large and negative. This is especially interesting for the narrow Feshbach resonance in 6 Li, where recent theory [8] suggests that a Fermi gas can be even more strongly interacting than for the broad resonance in the unitary regime.
In contrast to Bose gases, which suffer from three-body inelastic processes near a resonance, two-component Fermi gas mixtures are stable as a result of the Pauli principle, and can be rapidly cooled to quantum degeneracy by evaporation in the resonant regime [1] . Typically, in a Feshbach resonance, an external magnetic field controls the interaction strength between spin-up and spin-down atoms, by tuning the energy of an incoming, colliding atom pair into resonance with that of a bound molecular state in an energetically closed channel [9, 10] . Optical control of Feshbach resonances has been explored previously in Bose gases [11, 12] and currently is receiving substantial attention [13] . Optical Feshbach resonances (OFR), which employ photoassociation light to drive a transition from the continuum of the incoming atom pair state to an excited molecular bound state, has been proposed and experimentally observed [12, [14] [15] [16] [17] [18] . However, light-induced inelastic collisions and the accompanying loss limit its practical applicability. Optical Feshbach resonances for control of higher partial waves, such as p-wave scattering of 171 Yb, has been suggested [19] and demonstrated recently [20] . OFR also has been studied by using a narrow intercombination line of a bosonic gas 88 Sr, with the laser frequency tuned far away from resonance [21] . Submicron-scale spatial modulation of an inter-atomic interaction has been observed in an alkaline-earth atomic condensate [22] . Recently, Bauer and coworkers [13] have used a single optical field to control the scattering length near a magnetic Feshbach resonance by driving a transition between the resonant ground state and an excited molecular state in the closed channel. This elegant method enables substantial tuning of the scattering length, but a large laser intensity and a large frequency detuning are required for suppressing the light-induced loss [13] . The use of electromagnetically induced transparency (EIT) to control Feshbach resonances was suggested by Harris [23] . Deb [24] has suggested that quantum inference between photoassociation and magnetic Feshbach s-wave resonance amplitudes permits control of the scattering length and suppression of inelastic scattering. The method enables control of higher order partial waves as well. It is clear that the development of improved quantum interference methods for achieving wide tunability of scattering parameters while suppressing light-induced loss and heating [5, 23, 24] will greatly extend the applicability of optical control methods.
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Singlet V hf FIG. 1: (color online). Scheme for "dark-state" optical control of a Feshbach resonance using two closed-channel molecular states. Optical fields of frequencies ω1 and ω2 and Rabi frequencies Ω1 and Ω2, respectively, couple two singlet ground molecular states |g1 and |g2 to the excited singlet molecular state |e ; VHF is the hyperfine coupling between the incoming atomic pair state in the open (triplet) channel and |g1 , which is responsible for a magnetically controlled Feshbach resonance.
In the paper, we analyze the molecular dark-state method proposed in Ref. [5] to determine both the optically controlled s-wave scattering length and the effective range from the relative momentum dependence of the scattering phase shift. The basic scheme, Fig. 1 , is illustrated for a pair of atoms in two hyperfine states (denoted spin-up and spin-down), which undergoes an swave collision in the ground electronic state triplet molecular potential (open channel). The hyperfine interaction couples the scattering continuum of the open channel to a bound singlet vibrational state |g 1 in the energetically closed channel. An applied bias magnetic field B tunes the total energy of the colliding atom pair downward, near |g 1 , producing a collisional (Feshbach) resonance. Two optical fields with frequencies ω 1 and ω 2 couple |g 1 and |g 2 to the electronically excited singlet vibrational state |e , creating a "dark" state. All three molecular levels in the closed channel are assumed to have the same total nuclear-electron-spin state as |g 1 , so that both optical transitions to the level |e are fully allowed. For example, |g 2 can be a different singlet vibrational state from |g 1 . To determine the momentum dependence of the s-wave scattering phase shift in the presence of the light fields, we use a method similar to that employed by Fano [25] , to treat the coupling of an open channel continuum to a bound state in an energetically closed channel.
The primary results of this paper show how both the s-wave scattering length (eq. 62) and the effective range (eq. 67) can be controlled using two optical fields, which alter the momentum-dependent phase shift of the scattering state. This method is applicable to both broad and narrow Feshbach resonances, as occur in 6 Li. In Appendix A, we present a simple model to determine the parameters for Feshbach resonances with large background scattering lengths and apply it to 6 Li.
II. TIME-DEPENDENT SCATTERING STATE
We will consider first the relevant states for a broad Feshbach resonance. As a concrete example, we will use a mixture of the two lowest hyperfine states of 6 Li, denoted |1 and |2 . In a bias magnetic field, the atoms interact by s-wave scattering, and have a total energy determined by the incoming relative kinetic energy, the combined hyperfine energies, and the Zeeman energies.
For a pair of atoms, one each in states |1 and |2 , the total magnetic quantum number, M = 0, is conserved in a bias magnetic field, B z . There are 5 two-atom states for M = 0, which can be written in the "interior" singlettriplet basis |S, m S ; I, m I . There are two singlet states |0, 0; 0, 0 , |0, 0; 2, 0 , which differ in the total nuclear spin I = 0, 2, and are degenerate in the absence of hyperfine interactions. In addition, there are three triplet states |1, −1; 1, 1 , |1, 0; 1, 0 , and |1, 1; 1, −1 . As shown below, however, only one singlet state and one triplet state are relevant. At high bias magnetic fields, the antisymmetric combination of states |1 and |2 is predominantly the triplet electronic spin state |1, −1; 1, 1 .
A Feshbach resonance in the s-wave channel arises when the bias magnetic field tunes the total energy of a colliding atom pair in the open triplet channel into resonance with a bound molecular state in the energetically closed singlet channel. For 6 Li, the Feshbach resonant state, denoted by |g 1 , is the ground-singlet 38 th molecular vibrational state. As this singlet bound state is lower in energy than the incoming unbound triplet states at zero bias field, the triplet state |1, −1; 1, 1 , which tunes downward with increasing B-field, is responsible for the resonance, which arises from the hyperfine coupling between the triplet and singlet channels. The other two triplet states tune negligibly or tune upward, and can be neglected for the broad Feshbach resonance at 834 G.
Restricting attention to the 3 interior states, |0, 0; 0, 0 , |0, 0; 2, 0 , and |1, −1; 1, 1 , we consider the origin of the broad and narrow Feshbach resonances in 6 Li. The hyperfine interaction couples each of the singlet states to the triplet. However, one combination of |0, 0; 0, 0 and |0, 0; 2, 0 has a zero hyperfine matrix element with the triplet state |1, −1; 1, 1 . This uncoupled singlet state is |ψ N = (|0, 0; 0, 0 + 2 √ 2|0, 0; 2, 0 )/3 and is responsible for the narrow Feshbach resonance in 6 Li, near 543 G [26, 27] . The narrow resonance arises from a second order coupling of |ψ N to |1, −1; 1, 1 through the |1, 0; 1, 0 triplet state, which is far detuned from the singlet states compared to the hyperfine energy.
To treat the broad Feshbach resonance, we can therefore consider just two states. The first is the combination of singlet states which is orthogonal to |ψ N , |g 1 ≡ (2 √ 2 |0, 0; 0, 0 − |0, 0; 2, 0 )/3. The second is the triplet state |T ≡ |1, −1; 1, 1 , for which the diagonal element of the Zeeman-hyperfine energy is E T ≡ −a HF /2 − 2µ B B, where a HF /h = 152.1 MHz is the hyperfine coupling constant and µ B is the Bohr magneton, µ B /h ≃ 1.4 MHz/G.
We take the unperturbed two-state Hamiltonian, in the absence of optical fields, to be
where |g 1 , v 1 , |g 2 , v 2 are two ground electronicvibrational states in the singlet molecular potential and |e, v e is an excited singlet electronic-vibrational state. |T, k 1 is a triplet continuum state. To model a large positive background scattering length a bg , we include in the model a near threshold triplet bound state |T, b , where
). We will omit this term for small background scattering lengths and for large negative background scattering lengths, but it will be important for our discussion of the effective range. In eq. 1, the singlet-triplet hyperfine coupling for the broad 1-2 resonance in 6 Li is V HF = g 1 |H ′ HF |T = −3 a HF /(2 √ 3) = −h× 131.6 MHz, where H ′ HF is the hyperfine interaction. As the two optical fields used for this method can be tuned relatively close to resonance, the isolated resonance model [15] is adequate, in contrast to single field methods employing very large detunings and high intensity to avoid optical scattering, where this approximation fails [21] . According to Fig. 1 , the two optical fields introduce a perturbation,
where we have used the rotating-wave approximation.
Here, Ω i are the Rabi frequencies for the optical transitions, which include the vibrational Franck-Condon factors.
We take the time-dependent scattering state, for a triplet input state of energy E = E T +h 2 k 2 /m, to be of the form,
where |T, k is the selected input triplet scattering state (in the open channel), withhk the relative momentum of the colliding atoms. Note that all of the amplitudes, c 1 , etc., are both k-dependent and time-dependent. The sum denotes the rest of the triplet continuum for k ′ = k, which leads to the principal part of the integral obtained in the continuum limit. For r → ∞, the triplet continuum background states (box normalization) have the asymptotic form
where δ bg denotes the phase shift arising from the effective triplet potential, which corresponds to the background scattering length a bg , i.e., δ bg → −k a bg for k → 0.
To obtain the scattering solution, we solve the timedependent Schrödinger equation,
Taking projections of eq. 5 with g 1 , v 1 |, we obtaiṅ
where we have defined the hyperfine coupling strengths
Here, the overlap integrals are determined from the spatial wavefunctions r|v 1 and r|b , which are vibrational wavefunctions in the singlet and triplet channel, respectively, and r|k is given by eq. 4. Similarly, projecting onto g 2 , v 2 | yieldṡ
while e, v e | gives for the excited singlet electronic state amplitudė
Here, we have added a phenomenological decay term corresponding to the excited state molecular spontaneous emission rate γ e . As the decay rate arises from a spontaneous emission into a broad range of ground singlet vibrational states, the arrival rate of molecules into the ground states |g 1 and |g 2 is negligible. Finally, projecting onto T, k ′′ | and T, b| yielḋ
where we note that the triplet bound state and triplet continuum states are orthogonal. These time-dependent amplitude equations are easily solved. We expect that all of the triplet amplitudes will have a time-dependent phase factor exp(−iEt/h), as the asymptotic input and output states are energy eigenstates in the triplet potential. Hence, we take
. Then, eq. 11 and 12 yield,
for
It is obvious that we can eliminate the explicit time dependent phase factors in eqs. 13 and 14 by taking
Using c 1 = b 1 exp(−iEt/h) in eq. 6 we obtain an equation forḃ 1 . We eliminate the explicit time-dependent phase factor that appears in theḃ 1 equation by taking c e = b e exp[−i(ω 1 + E/h)t], which yieldṡ
Using c e = b e exp[−i(ω 1 + E/h)t] in eq. 10, we obtain an equation forḃ e . We eliminate the explicit timedependent phase factor in that equation by taking
where, the one-photon detuning ∆ e is given by
Finally, using
where the two-photon detuning δ is given by
For 6 Li, where the molecular γ e ≃ 2γ spont = 2π × 11.8 MHz, and for other atoms with a large spontaneous decay rate, we can eliminate the excited state amplitude by making an adiabatic approximation, where we assumė b e << γ e b e /2. In this case, the excited state amplitude tracks b 1 and b 2 .
We look for scattering state solutions of the amplitude equations whereḃ 1 ,ḃ 2 ,ḃ T (k) andḃ T (b) are all zero. Then, eq. 20 yields b 2 = Ω * 2 b e /(2δ), which with eq. 22 yields b e in terms of b 1 . Then eq. 15 yields
and eq. 16 gives
Using these results in eq. 17, we obtain b 1 (k) in terms of the amplitude of the input triplet scattering state amplitude
where
Here, the shift is given by
where the sum arises from the coupling of the state |g 1 to the continuum and the last term arises from the coupling of |g 1 to a near threshold triplet bound state. Note that we will include this term in the model only when the background scattering length a bg is large and positive.
To convert the sums into integrals, we use
where P denotes the principal part, and we define the volume-independent coupling strengthhg
where k′ |v 1 is the spatial overlap integral of the vibrational wavefunction r|v 1 with the continuum normalized momentum eigenstate. In the limit r → ∞,
To determine the shift, we define
b /m, where K b ≡ 1/a bg for large a bg > 0 with |a bg | large compared to the range of the scattering potential. Using E = E T +h 2 k 2 /m, and noting that k ′ =k becomes the principal part P of the integral over k ′ , we obtain
The asymptotic form of the scattering state, r|Ψ E (t) , in the limit r → ∞, determines the s-wave phase shift. At large distance, the singlet and triplet molecular wavefunctions vanish. Hence, the scattering state is determined by the triplet continuum part of the wavefunction,
Using eqs. 23 and 24, we obtain
With eq. 30, this yields
From eqs. 4, 27, and 32, we obtain the scattering state as
To evaluate the principal part appearing in eq. 33, we note from eq. 27 thatg(k ′ ) is an even function of k
bg is an odd function of k ′ , i.e., the effective range expansion is
and the right side is even in k ′ . Hence the integrand is even in k ′ . Further, as shown below in the context of our simple model,g(k ′ ) has only pure imaginary poles arising from the exponential form of the molecular bound state of size R. In the convergent half planes, the sine function yields terms of the form exp(ik ′ r) → exp(−r/R) → 0, which make no contribution to the integral as r → ∞. Hence, the principal part in the limit r → ∞ is evaluated as
Using eq. 34 in eq. 33, we obtain finally the asymptotic triplet scattering state,
where the input triplet continuum state is of energy E = E T +h 2 k 2 /m and E T ≡ −a HF /2 − 2µ B B is magnetic field dependent.
To determine the total phase shift ∆(k) ≡∆(k) + δ bg (k), we write ψ T (r → ∞) = A(k) sin[kr +∆(k) + δ bg (k)]/(kr), where∆(k) is the resonant part of the phase shift and δ bg (k) is the background part. Then, comparing eq. 35 with A(k) cos∆ sin[kr + δ bg (k)] and A(k) sin∆ cos[kr + δ bg (k)], we obtain
where the numerator determines the resonance width, which arises from the decay of the dressed molecular state into the continuum at a rate Γ(k), wherē
as is readily verified using Fermi's Golden rule.
III. ZERO ENERGY SCATTERING LENGTH AND EFFECTIVE RANGE
We determine the zero energy scattering length a and the effective range r e , from the total phase shift ∆ = ∆ + δ bg using
With the elementary trigonometric relation between cot(∆ + δ bg ) and cot∆ and cot δ bg , we have
To expand eq. 38 up to order k 2 , we use
and
with obvious notation. After some straightforward algebra, keeping terms up to order k 2 (we avoid the zero crossing, assumingã + a bg = 0), we obtain the zero-energy scattering length a = a bg +ã (42) and the effective range,
Note that in the limitã = 0, we have r e = r bg and for a bg = 0, we have r e =r e as expected. We are interested in the zero energy scattering length and the effective range near resonance, where the resonant part of the zero energy scattering length is large in magnitude compared to that of the background scattering length. In the near resonance limit |ã| >> |a bg |, eq. 43 yields r e = r e + 2 a bg + 2 |a bg |
Here, we ignore the effective range r bg for the background scattering states. For small |a bg |, we can take r e =r e . In addition, we show in Appendix A using a simple model, that when |a bg | is large compared to the singlet molecular size, the leading contributions to r e fromr e exactly cancel the a bg -dependent terms in the square bracket. Assuming a near resonance condition, where |a bg /ã| is small, we can then neglect the correction in the parenthesis.
In the following, we obtain both the zero-energy scattering length, the optically-induced inelastic decay rate, and the effective range, including the modification arising from the optical fields. This is accomplished by expanding eq. 40 up to order k 2 . In this way, we obtain both the resonant part of the scattering lengthã and corresponding effective ranger e .
For
where the optical contribution in the numerator is
Note that both ∆ e and δ are dependent on E = E T + h 2 k 2 /m and are therefore k 2 dependent, altering the effective range.
Using k cot∆ = −1/ã + k 2 r e /2, the resonant part of the zero energy scattering length is given by the k = 0 contribution,
Since E T ≡ −a HF /2 − 2µ B B, we can write
where the resonance position B ∞ includes the shift Σ E (0). We define the width ∆B of the resonance in terms of the background scattering length, by
where ∆B is positive by definition. We show in Appendix A that for a background scattering length that is large compared to the molecular size, the energy width 2µ B ∆B and the shift Σ E (0) are equal in magnitude. Eq. 47 determines how the optical fields control the zero energy scattering length a = a bg +ã. In the absence of optical fields, D opt → 0, the resonant part of the scattering length is thenã[B] = −|a bg |∆B/(B − B ∞ ) and the zero energy scattering length takes the usual form [10] 
We see that the zero crossing a[B 0 ] = 0 occurs at a field B 0 below (above) resonance for a bg negative (positive). The resonant part of the effective range is determined from the k 2 terms in the expansion of eq. 45,
Eq. 51 can be rewritten as
arises from thē h 2 k 2 /m term in eq. 51, i.e., the relative kinetic energy. This term is always present, i.e., even if the shift is independent of k 2 . Using eq. 49, we obtaiñ
which gives the resonant part of the effective range in the absence of optical fields when the shift Σ E (k) is independent of k 2 . We see that broad resonances with large background scattering lengths, this contribution to the effective range will be small, while it can be large for narrow resonances with small background scattering lengths [8, 28] .
Ther ′ e term arises from the energy-dependent shift Σ E (k) and coupling |g(k)| 2 , which may vary rapidly with k 2 when |a bg | is large, producing large contributions to the effective range. Using eq. 47 for the resonant part of the scattering lengthã, this term can be written in the formr
Finally, the optical fields alter the resonant part of the effective range,r
In Appendix A, we determine the optical field independent part of the effective range using a simple model for |a bg | >> R, where R is the effective size of the singlet vibrational state |v 1 . To evaluater ′ e , eq. 54, we use eq. A7 to obtain
and eq. A4, which gives
Then, eq. 54 yields
where the theta function assures that the first term is just −2 a bg , for either positive or negative a bg . We see from eq. 58 thatr ′ e exactly cancels the corresponding terms in the square bracket of eq. 44.
Hence, neglecting the small correction arising from the parenthesis in eq. 44, the effective range for both small and large background scattering lengths takes the simple form
wherer opt e is given by eq. 55 andr
e is given by eq. 53. In the absence of optical fields, we see that r e =r 0) e , which is usually obtained by ignoring the energy dependence of the shift and width.
As D opt (k) in eq. 55 is a function of E = E T +h 2 k 2 /m, we can write 2
e , we have
The D opt term enables optical control of the effective range, as it can be made to vary rapidly with energy near a dark-state resonance. In the following, we systematically examine the real and imaginary parts of eq. 47 and eq. 60.
IV. OPTICAL CONTROL OF THE SCATTERING LENGTH
To find the real and imaginary parts of the zero energy (k = 0) scattering length from eq. 47, we set a = a bg +ã = a ′ + ia ′′ . For this purpose, it is convenient to define the magnetic field detuning,
Then, we obtain the simple form a = a bg − |a bg |β 1
where β ≡ 2µ B ∆B/h. Here, we have defined
Note that all the detunings are evaluated for k = 0, i.e., with E → E T = −a HF /2 − 2µ B B the magnetic field dependent triplet energy. The real part of the scattering length is then given by
where Γ 2 ≡ δ δ e = δ∆ e + |Ω 2 | 2 /4 has a dimension of frequency squared. Here, the one-photon detuning, eq. 19, is ∆ e = ω 1 − (E e − E T )/h, while eq. 21 defines the two-
The corresponding imaginary part is
The imaginary part of the scattering rate causes inelastic loss, which arises from optical scattering, with a two-body rate constant K 2 (cm 3 /s) = −8πh a ′′ /m in the k = 0 limit.
The dark state method offers many options for controlling the scattering length, the inelastic rate, the resonance width, and the effective range. These include varying the frequencies of the two optical fields, choosing the magnetic field detuning and controlling the amplitudes of the optical fields in space and time. For the initial discussion, we reproduce here the figures from our paper [5] . Fig. 2 shows the real and imaginary parts of the scattering length as a function of the two-photon detuning δ. We use the parameters for 6 Li: ∆B = 300 G, 2µ B /h = 2π × 2.8 MHz/G, γ e = 2π × 11.8 MHz, and a bg = −1405 a 0 ; We take Ω 1 = 0.8γ e , Ω 2 = 2γ e , ω 2 = ω eg2 , B − B 0 = 2 G. The dark-state optical control method enables the suppression of spontaneous scatter, which would cause substantial loss and heating if the Ω 1 beam were applied alone, as in Ref. [13] . Analogous to dark state methods for controlling the ratio of absorption to dispersion, we can control the ratio a ′′ /a ′ . Assuming that the resonant part of the scattering length a ′ is large compared to a bg , a ′′ /a ′ is given by
where we recall that Γ 2 ≡ δ∆ e + |Ω 2 | 2 /4. For ∆ 0 = 0, we see that loss is suppressed compared to elastic scattering by the square of the two-photon detuning δ. For ∆ 0 = 0, and large Ω 2 , the ratio is −2γ e δ/|Ω 2 | 2 , which can be made small for sufficiently large Rabi frequency, Ω 2 . Fig. 3 shows the scattering length as a function of Ω 2 , demonstrating the suppression of a ′′ as Ω 2 is increased. The corresponding ratio a ′′ /a ′ is shown in Fig. 4 . In addition to inelastic loss arising from optical scattering, there is a small but finite photoassociation rate that arises from transitions between the triplet ground state and the excited singlet state. The triplet to triplet photoassociation transition is far away from resonance. For example, choosing the 6 Li excited singlet vibrational state v ′ = 70, the closest vibrational state for the triplet state is v ′ = 62, which is about 40 GHz away from the singlet transition. We will not discuss photoassociation here. However, we have shown theoretically that the small triplet to singlet photoassociation rate is also suppressed near the dark-state resonance.
Finally, the dark-state method produces "artificial" narrow Feshbach resonances, which enable rapid changes in the scattering length for small changes in the mag-netic field. Fig. 5 shows the results for reasonably large value of Ω 2 , to clearly separate the broad and narrow resonances, which have the usual three-peak structure. 
V. OPTICAL CONTROL OF THE EFFECTIVE RANGE
In addition to controlling the real and imaginary parts of the scattering length, the dark-state method creates broad and narrow resonances, as shown in Fig. 5 , which have different optically controllable effective ranges. The dark state method can be applied to both the broad Feshbach resonance in 6 Li, at 834 G, and the narrow resonance at 543 G. Using both of these, we can explore the role of the effective range over a wide range. As discussed below in more detail, for fixed two-photon detuning δ = 0, i.e., at the dark-state resonance, the scattering length remains at the preselected magnetic field value and the inelastic scattering length vanishes, while the effective range is dependent on the ratio of the intensities of the two optical beams. In this case, the effective range can be varied at fixed scattering length, with negligible scattering.
We determine the optically-controlled part of the effective range,r e from eq. 60, using eq. 46. In this case, we note that the one-photon detuning ∆ e defined by eq. 19 and the two-photon detuning defined by eq. 21 have a simple E-dependence, yielding ∂∆ e /∂E = 1/h and ∂δ/∂E = −1/h. Hence,
which gives
where δ e is defined by eq. 63 with all detunings evaluated for k = 0, i.e, E = E T . Taking the real r ′ e and imaginary r ′′ e parts of eq. 67, we obtain
where Γ 2 = δδ e = δ∆ e + |Ω 2 | 2 /4.
From eq. 53, we recall that r e | ≃ 1 a 0 << |a bg |. However, for the narrow Feshbach resonance at 543 G [26, 28] , where ∆B ≃ 0.1 G [28] and a bg = 62 a 0 , r (0) e ≃ −7 × 10 4 a 0 , as noted in Ref. [28] . Using the darkstate method, the effective range can be widely varied.
In general, the one-field method |Ω 2 | → 0 will alter the effective range as well as the scattering length. Assuming |Ω 2 | 2 /4 << ∆ e δ, and taking the one-photon detuning ∆ e = 0 for simplicity, we find r 
However, a ′′ = 0, which can cause substantial losses for a one-field method.
For the two-field method, the imaginary part r ′′ e vanishes when either δ = 0 or Γ 2 = δ∆ e + |Ω 2 | 2 /4 = 0. The former corresponds to the narrow peak at the center of Fig. 5 , while the latter corresponds to the two side peaks. For the limiting case with Ω 2 = 0 satisfying |Ω 2 | 2 /4 >> δ∆ e , and taking δ → 0, we obtaiñ
which shows that the effective range is negative, since r (0) e < 0 from eq. 53, and increases in magnitude when the ratio of the Rabi frequencies for the two transitions |Ω 1 /Ω 2 | > 1. Note that when δ → 0 for dark-state scheme, the loss is negligible and the scattering length does not change. The optical fields only modify the effective range.
The effective range as a function of Ω 2 is shown in Fig. 6 when two-photon detuning is small, δ/γ e = 0.05. It is clear that the effective range can be widely modified by the laser fields. For the case Γ 2 = 0, i.e., ∆ e = −|Ω 2 | 2 /(4δ), we obtain instead,r
In this case, for small two-photon detuning δ and large one photon detuning ∆ e , the effective range is large and positive, since r (0) e < 0.
VI. APPLICATION TO 6 LI MAGNETIC FESHBACH RESONANCES

In
6 Li, |g 1 is the v = 38 Feshbach resonance state. We can take |g 2 to be another lower lying vibrational state, which are essentially uncoupled to the triplet state, since the nearest state v = 37 is lower in energy than the v = 38 state by 55.8 GHz, while the v = 36 state is lower by 289 GHz [30] . We employ the bound-to-bound singlet molecular transition from the ground tensity. This result is nearly identical to that given in Ref. [32] for the v ′ = 68 excited state. For the trapped atoms, the applied fields will produce an effective light-shift potential, U LS = |Ω For Ω 1 = 10 γ e = 120 MHz, Ω ′ R = 540 MHz, the corresponding free atom scattering rate is only 2.2/s, which is negligible for the proposed experiments, where the hold time in the weakly interacting regime will << 1s.
For these parameters, the corresponding attractive light-shift potential, U LS = 66 kHz, or U LS ≃ k B × 3 µK. This can be eliminated when necessary using a repulsive potential, provided by a spatially-matched blue-detuned beam at 532 nm.
VII. CONCLUSIONS
The molecular dark-state method permits control of two-body scattering parameters, while suppressing lightinduced inelastic loss and heating compared to singlefield control techniques. As narrow features are produced by these dark-state quantum interference methods, optical fields can induce a strong dependence of the scattering phase shifts on the relative kinetic energy of the colliding atoms, enabling control of the effective range as well as the zero-energy scattering amplitude. [2] S. Giorgini, L. P. Pitaevskii, and S. Stringari, Rev. Mod. Mixture M Singlet Triplet 1-2 (B) 0 (2 √ 2|00; 00 − |00; 20 )/3 |1 − 1; 11 1-2 (N) 0 (|00; 00 + 2 √ 2|00; 20 )/3 |1 − 1; 11 1-3 -1 |00; 2 − 1 |1 − 1; 10 2-3 -2 |00; 2 − 2 |1 − 1; 1 − 1 Li. VHF arises from the effective hyperfine interaction aHF (I1 · S1 + I2 · S2), where aHF /h = 152.1 MHz. ET is the Zeeman-hyperfine energy for the given triplet molecular state, with µB the Bohr magneton µB/h = 1.4 MHz/G. For the narrow (N) Feshbach resonance in the 1-2 mixture, the coupling is second order in the hyperfine interaction and |10; 10 is the dominant off-resonant intermediate state.
where we include a unit step function to indicate that the contribution from the triplet bound state is to be used only when the background scattering length is large and positive. Now, eqs. A4 and A5 show that
From eq. A7 and 49, we see that for |a bg | >> R, the width ∆B and the shift Σ E (0) are related by
Hence, the magnitude of the shift is equal to the twice the width µ B ∆B. We can apply this simple model to the three broad resonances in 6 Li for 1-2, 1-3, and 2-3 mixtures of the three lowest hyperfine states, which are described in Table I and Table II . The measured parameters for the 6 Li Feshbach resonances are given in Table III , taken from ref. [29] for the broad resonances and from ref. [28] for the narrow resonance. Recently, improved 6 Li Feshbach resonance parameters have been obtained by using radiofrequency spectra of dimer pairs in very low density samples, which enables resolution of individual trap-radialvibrational states [33] .
From eq. A8, for a bg < 0, we have Σ E (0) = −2µ B ∆B. This result can be used to estimate the energy E g1 of 6 Li. The broad (B) resonance location B∞, width ∆B, and background scattering length a bg in bohr (a0) are taken from ref. [29] . The narrow (N) Feshbach resonance parameters are taken from ref. [28] .
Mixture B∞(G) ∆B a bg (a0) 1-2 (B) 834 300 -1405 1-2 (N) 543 0.1 +62 1-3 690 122 -1727 2-3 811 222 -1490 Table III . At resonance we have E T (B ∞ ) = E g1 + Σ E (0). Then,
should be the same for all of the broad resonances. For the narrow resonance, we assume that the shift Σ E (0) ≃ 0.
We can also compute the effective size R of the |v 1 state, eq. A1. Using eq. 49, eq. A4, and eq. 27, we obtain R =h 2 µ B ∆B m |a bg ||V HF | 2 .
Expressing R in bohr units a 0 , we have, R/a 0 = 8.4 × 10 5 ∆B(G)/[|a bg (a 0 )||V HF (MHz)| 2 ], which also should be the same for all of the broad resonances.
Using the parameters in Table II and Table III and a HF /(4µ B ) = 27 G, we obtain from eq. A9 and eq. A10 the results given in Table IV. The singlet energies obtained from all four resonances are nearly identical. Hence, the approximation Σ E (0) = −2µ B ∆B appears to be reasonably accurate for the large negative background scattering lengths in 6 Li, which are large in magnitude compared to the size of the resonant molecular state. Further, the nearly constant value of R validates the scaling given by eq. A10 based on the simple model.
We can compare the results obtained for R with that expected using the overlap integrals for the true wavefunctions in the singlet and triplet potentials. Using eq. A4 and eq. 27, we define an effective size R → R ef f =
where we take the triplet scattering state to be normalized so that u T k (r → ∞) = sin[k(r − a bg )] as k → 0. For the simple model, eq. A1, we have u v1 (r) = exp(−r/R)/( √ 2πR). Taking u T (r) = sin[k(r − a bg )]
everywhere and assuming |a bg | >> R, we immediately obtain R ef f = R as assumed above. We have determined the overlap integral of the states obtained for the real triplet and singlet potentials (which yield the correct highest bound states), using the above normalization for u T (r) and the triplet scattering length obtained from the triplet scattering state a bg = a T ≃ −2046 a 0 . This yields yield R ef f ≃ 11.4 a 0 , within 10% of the value R ≃ 10.5 a 0 obtained from the broad Feshbach resonance parameters.
